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Table 1 Comparison of guidance laws

Acceleration Time-to-go,

© Time, command, fps sec Number of

sec iterations
WEBON PPN WEBON PPN

0.1 —934 —873 0.9530 0.9574 4
0.2 —1,030 -961 0.8539 0.8576 4
0.3 —983 —933 0.7547 0.7572 4
0.4 —882 —864 0.6554 0.6568 4
0.5 -757 —774 0.5559 0.5565 4
0.6 —599 —670 0.4562 0.4563 3
0.7 —404 —552 0.3564 0.3563 3
0.8 —164 —419 0.2565 0.2564 3
09 163 —257 0.1566 0.1565 3
1.0 633 58 0.0566 0.0565 2
At intercept:
Guidance scheme Time, sec g-s Miss, ft
WEBON 1.057 18.5 1.5
PPN 1.057 19.4 1.7

less stringent conditions. Thus, engagements between a very fast
interceptor (~ 10 kfps) and a target with velocity superiority of up
to 2:1 were simulated. The geometry of an actual engagement
simulated is depicted in Figure 2. The origin of the coordinate
frame is at an altitude of approximately 25 kft and the total
duration of the engagement is just over one second. Thus
WEBON was tested here in the role of homing guidance. For
economical reasons, only deterministic cases were cons1dered
here. :

- Results

Trajectories for a simulated engagement are shown in Fig. 2.
The corresponding interceptor acceleration command histories
obtained with PPN as well as WEBON guidance are shown in
Fig. 3. Table 1 presents a numerical comparison of these guidance
commands showing, in addition, a comparison of the time-to-go
estimates as a function of engagement time, and the number of
iterations requlred for convergenoe by the presented guidance
scheme.

In spite of the comparison agalnst a very sophlstlcated gui-
dance ‘scheme; the résults obtained were encouraging. The
energy loss due to drag was, as in the case shown in Table 1,
reduced in all cases considered. This reduction would be more
pronounced against simpler guidance schemes, such as propor-
tional navigation. The fact that atmospheric density had to be
assumed constant to obtain the closed form solution presented
may .account for part of the difference shown in the initial
estimates of £ > but this did not prove detrimental.
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O date, the effects of material anisotropy on the static
L behavior of cylindrical shells has been ‘studied by several
investigators! ~#In all of these analyses though, no numerical
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results are available for the case of nonsymmetric loading of
such shells. The present Note studies the mechanical response
of a statically loaded, fiber-reinforced cylindrical shell with
arbitrary boundary conditions. Specifically, the effects of fiber
orientation on the shell stress, strain and displacement fields of
the cylinder are discussed in detail. Since the cylinder is fiber-
reinforced, the material properties are characterized as a general-
ized Hookean material characteristic of amsotroplc shell theory.

The position of a point of a cylindrical shell is given by § the
circumferential variable, x the axial distance, and z the coordinate
normal to the middle surface. Furthermore, R is the radius of the
cylinder, H the thickness, and L the length. Since the cylinder
coordinates (x, B) generally do not line up with the fiber di-
rections, the 3-D constitutive equations will have certain aniso-
tropic compliances included. As shear deformation is admitted
in the present analysis, the constitutive equatlons appropriate
to the cylindrical shell haye the form

Oxx Eir Eqp Egi3 0 0 Exx
Osp " By Epy O 0 &gp
Oep | = Eia O 0 &g 1)
Opz . Ess Ese €z
O . E66 Ex

where o,,,... and e,,,... are 3-D stresses and strains.
Since shear deformatlon is admitted, the’ shell strains and
stresses are given by

b = 4 + zu D ' (2a)

8,,,, =[1/R + D]0,9 + [Z/(R + 2)]o, P + [1I/(R + 2)]w*?  (2b)
=[1R+ 2JuP + [z/(R + D]u§’ + 0.0 + 20,V (20)
=[1/(R + 2)]w, — [1/(R + )]0 —

[z/(R — z)]v“) + v 2d)
gy =t + W, 2e)
{59, a,%’, ¢9; ¢ aflﬂﬂ = < (Ogxs Oxps Orc) (R + 2) (1;2) > (3a)
{6 o), 625 648, oW} = < (6pxs Opp, Gp) (1;2) > (3b)

For notational convenience ( ), x and ( ), f denote partial differ-
entiation with respect to x and f and < > is defined by #

+H/2
(= j ()de @
' -m2
Furthermore, &, v*?, and w'® are the shell displacements of the
middle surface in the x, f and z directions and #®, v!*) are the
rotations of the-normal to the middle surface in the x and f
directions. For the material properties characterized by Eq. (1),
the displacement equilibrium equations can be written as®
Blc’xx+B2CsBﬁ+B3C’xﬁ+B4Cﬁx+BS§sﬂ +B6c+F= 0 (5)
where the coefficients B, [ = 1,2,...,6 are five by five matrices
such that B, B,, B; and Bg are Hermitian while B, and B; are
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Fig. 1 Loci of the maximum value of ¢{}’ for sevel;al values of 0.

% The integration defined by Eq. (4) is performed in the manner
of Fliigge second order theory.’ .
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Fig. 2 Loci of the maximum value of w® for several values of 0.

negative symmetric. Furthermore, the transpose of { and the
column vector F are given by

£ = {u®, 1, o0, o), 0} )
(R + H)“lez:ﬁ/z - (R - H)O'lez=—H/2
(R + H)Ho,|,-p;, + R — H)Ho o|,- 2
F=| R+ H)O'zﬂlz=H/; - (R— H)Uzplz=—H/2 ' @)
R+ H)Ho'zﬂlz=H/z + (R — H)Hazﬂkz=—H/%
R+ H)Uzz|z=H/2 - (R- H)‘Tzz]z=—H/2

The boundary conditions associated with Egs. (5) for the
x = O and L faces are given by

69 oL =69 or u® are prescribed (8a)
090 = 6% or v@ are prescribed (8b)
Q=01 = &2 or w® is prescribed (8¢)

where the terms 59,59, 59 ; i = 0,1 denote shell stresses on the
x =0 and L faces of the cylinder.

Solution

Let 6 denote the wrap angle of the fibers. As illustrated in
Fig. 1, 6 is measured about the z direction from. the parallel to
the axis of rotation of the shell. When the fiber orientation is
other than 6 = nn/2 (n = 0, 1), the cylinder behaves as though it
were fully anisotropic. For this case the classical solution using
Fourier series must be modified. This is directly due to the
amsotroplc compliances E14, E,,, and Eg¢§ appearmg in the
governing differential equations. Although it is possible to
transform Egs. (5) to one of the canonical forms, the associated
change in the domain of definition distorts the bounding sur-
faces of the cylinder. To obtain a solution, we shall use the pro-
cedure recently discussed by Padovan”® and Padovan and
Lestingi.’

To simplify the present analysis we assume that all the surface
and boundary tractions satisfy Diriclilet’s conditions. Since

u@, 4D, ., W are periodic in B, they can be formally expanded
in the followmg complex form of Fourier serles

{(xp)= N ;_ Lulx)e™e &)
where i = (—1)"/? such that
1 [ .
= E;j L(x, e ™MP ap (10)
0

Applying Eq. (10) to Eq. (5) y1e1ds the followmg complex ordmary
differential equation
Bilyxx — M?By8y + iMBslyy . + Balarx + IMBsGy +
T BlutFy=0 (D)

where Fy,denotes the Fourier transform of F. The homogeneous
solution of Eq. (11) may be obtained by assuming

% oC Anr €XPlAp) ' 12)
in the usual manner. Inserting Eq. (12) into Eq. (11) yields the
following polynomial matrix

{A3B, + Ay By + iMB;] + Bs — M*B, + iMBs}yyy = 0 (13)

§ For the present paper, the material properties are obtained. in
the manner of Halpin and Tsai.'®
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Since B, is nonsingular, the pencil of Eq. (13) is regular.f In such
cases, Eq (13) implies and is implied by the partitioned matrix
equatlon

0 B,
A —
B, B,+ iMB,
B, + iMB, 0
w=0 (14
0 M?B, — Bg — iMB;

Equation (14), which is of order ten, denotes the typically occur-
ring linear eigenvalue problem. Since the pencil of Eq. (14) is
non-Hermitian, the latent TOOts Ay do not necessarily occur in
conjugate palrs

. From this point the usual procedure follows. Thus the latent
roots are used to construct {,,(x), i.e.,

10
Culx) = 121 Giyae Aim SXP AipeX (15)

where the latent vector y,, is obtained from Eq. (13) in the usual
manner. The coefficients o;,, are obtained by substituting (15)
into the transformed boundary conditions and solving the re-
sulting complex set of linear algebralc equations. In terms of
Eqs (9) and (15) ¢(x, P) is thus given by

i Z nding €XP (Apgx + IMB) (16)

M=—-wl=

S, B) =

Discussion and Numerical Results

The homogeneous solution of the fully anisotropic form of
Eqgs. (5) and (8) has been reduced basically to a linear eigenvalue
problem of a non-Hermitian pencil. The solution is “general”
in the sense that arbitrary boundary conditions can be handled.
For the present study, the pencil of Eq. (14) was reduced to
Hessenberg form. The latent roots of the reduced matrix were
subsequently obtalned by the use of the numencally stable
OR transformation.*?

Since we prlmarlly wish to illustrate the effects of anisotropy
on the stress, strain and displacement fields, we have chosen a
cantilevered cylindrical shell with a load on the free end of the
form & = F,, cos 26. Figures 1 and 2 illustrate various aspects
of the stress and displacement fields of the shell for various
fiber orientations. For example Figs. 1 and 2 show the loci
followed by the maximum values of the shell resultant oY
and the radial displacement w'® for the several values of 9.
As expected, for the orthotropic case (6 = nn/2), the loci occur
along the lines B =0 and = for 0 < x < L. For the anisotropic
case (0 2 nm/2), the loci no longer are parallel to the x axis. In
fact, for ¢\%), large deviations from the orthotropic loci are
noted even for small values of 6.

The contrasts between the behavior of orthotropic and aniso-
tropic fiber reinforced single layered cylindrical shells are ex-
tremely significant as evidenced from the preceding examples.
These differences have to some extent beer exaggerated by the
single layered nature of the shell. Obviously, the difference be-
tween the gross mechanical behavior of laminated shells with
orthotropic or anisotropic lamina will be somewhat dimi-
nished.
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Introduction

HIS Note shows how the shape of an axisymmetrical nozzle

can be found which optimizes the thrust for a given length L
We suppose the flow to take place in the meridian plane (see
Fig: 1) with abscissa x and ordinate y. The method used requires
an expansion curve, TB, be given as well as the input flow into
the nozzle along a right going characteristic intersecting 7B
at C and the x axis at E. What must be found to obtain the
desired shape is the flow along a left going characteristic of
the nozzle flow intersecting CE at I and x =/ at F. This charac-
teristic which varies along CIE on one end and along x =1
on the other is to afford a maximum to the thrust integral
After obtaining the flow along IF we have data along two
characteristics so that a Goursat problem can be solved. Applying
the total mass flow to this solution yields the nozzle shape. This
work generalizes Rao’s' one variable end point approach and
contains his special solution.
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Fig. 1 Meridian
plane of the nozzle.

X

Compressible Flow Results

Next we state results from irrotational steady supersonic flow
of an ideal gas with no shock waves. The thrust, conservation of
mass, nozzle length and compatibility condition are given
respectively, as

T T pw? sin & cos §
E—G(yl)'i"J; Y[P—PO'FWJ 1
ypw sin a
m(ye) = BOy) + j i@ + «x) )
F
l=x + J cot(f + a)dy + L(y;) 3)

6~ [(cot a)/w]w + sin o sin /[y sin(0 + a)] = 0 4)

where - = d/dy, w is the speed, 8 is the inclination of the velocity,
o'is the Mach angle and p, is the ambient pressure. Let f3, f,
and f; be defined as the explicit integrands given in Egs: (1), (2),
arid (3), respectlvely Then G(y,) and p(y;) are integrands along EI
and L(y;) is an integral along CI of f,, f, and f;, respectively,
when « is replaced by —a.

Variational Procedure

-The variational method allows the use of Lagrange multipliers
A1> 45, and 4,(y) to incorporate the constraints (2), (3) and (4).
Thus we seek an extremal for the integral

F
(I) = f F(yyw;w,e,ea'll sAZa'14)dy + V(ylsj'l 7}'2) (5)
I

The necessary conditions resulting from Eq. (5) are the two Euler
equations for variables w and @ and the constraint (4).

_ At the variable end I, we suppose that y; is free but w and 6
are fixed in the sense that they must be continuous at the inter-
section I. This yields the transversality condition at I as

- . 1
v s.1n2a Sm29+%isin0— 2 }
sin(@ + a)sin(@ — o)

+ ,14{2(4) -
where ©(y) is the velocity inclination along CE. The condition

at F is /
Wy =f+Afi+t2=0 and 20(p)=0 9

sin’a sin 20
} = ©)

yysin(@ + a)sin{f — a)

dy . tan (8+a)
dx

o} ) X
Fig. 2 Samples of characteristics with 1,5 0 which are solutions of
Euler equations.



